Equilibrium Wulff shapes and interfacial energies of two-dimensional ''crystals'' on a triangular lattice are considered. Asymptotic approximations are constructed for both the shapes and energies in the limit T→0 where crystals are close to perfect hexagons, and the limit T→T c ͑critical temperature͒ where crystals have near-circular shapes. The intermediate temperature region is studied numerically, and accurate interpolating approximations are proposed. The relevance of the study to the nucleation problem is discussed.
I. INTRODUCTION
In 1901 Wulff 1 showed how to construct a minimumenergy surface ͑''S surface''͒ that encloses a given volume V of a crystal, provided one knows (n ជ ), the anisotropic interfacial tension as a function of n ជ , the normal to the interface. This approach formed the basis of the modern understanding of real-life shapes of crystallites, with the variety of possibilities introduced by facets, corners, etc.
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Further interest in the Wulff construction came from twodimensional Ising systems. While some three-dimensional features ͑e.g., facets͒ are absent here for all positive temperatures T, the possibility of an exact evaluation of temperaturedependent anisotropic (n ជ ) made such systems exceptionally interesting for analysis. Remarkably, there also exist experimental situations for which a two-dimensional understanding is of crucial importance. One can mention twodimensional islands on otherwise flat faces of threedimensional crystals ͑see, e.g., Refs. 5 and 6 and references therein͒, absorbed monolayers of surfactants, 7 etc. Applications of rigorous results, however, are often hindered by the fact that the Wulff construction provides a general prescription how to build an S surface which may still require an appreciable effort before a practical implementation. Not surprisingly, alternative parametric representations of the Wulff construction were later developed for two dimensions 8 and for higher dimensions 9, 10 in a coordinateinvariant way. A realization of such approaches for Ising systems on square or honeycomb lattices can be found, respectively, in Refs. 11 and 12. Nevertheless, even in the parametric representation results are usually given in terms of implicit dependencies, and further work is required both for an explicit determination of a Wulff shape and for an evaluation of the interfacial energies.
In this paper we extend the results of Ref. 12 for the case of a triangular lattice, obtaining the S surface parametrically. We also asymptotically examine the limits T→T c and T →0 for both Wulff shapes and interfacial energies. Further, we construct elementary interpolating approximations for the entire temperature region; those are accurate, at worst, to one part in 10 3 . Such approximations can be useful for experiments 5, 6 with the triangular lattice formed by atoms on the ͑111͒ plane of Cu, as described in Sec. VII. Another potential application of the results is related to nucleation from a metastable phase. It is expected that the work required to form a nucleus-the key parameter of the nucleation problem-can be obtained from the same equilibrium Wulff construction. 13 Once this parameter is evaluated, available semiphenomenological expressions for the nucleation rates can be specified and tested against large-scale Monte Carlo simulations and numerical studies of transfer matrices. For a square lattice such comparisons were performed earlier. [14] [15] [16] [17] There are no comparative studies for a triangular lattice. Monte Carlo simulations of nucleation on such a lattice were carried out recently. 18 Many of the kinetic aspects of the classical picture [19] [20] [21] ͑e.g., the relation between nucleation and growth, transient nucleation effects 22 , etc.͒ are accurately reproduced in such simulations. However, the unavailability of an explicit simple expression for the surface energy of a nucleus prevented a crucial verification of the thermodynamics of the classical approach. In Sec. VI we evaluate the nucleation parameters, and in Sec. VII give some preliminary results of comparison.
II. BACKGROUND
The anisotropic interfacial tension can be obtained either directly ͑see, e.g., Ref. 23͒ or from its relation to the correlation length on a dual lattice:
Here T is the temperature ͑Boltzmann constant is taken as unity͒, and u ជ is a unit vector normal to n ជ . In turn, the correlation length can be extracted from the asymptote of the two-spin correlation function.
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For lattices with hexagonal symmetry, the duality ͑''startriangle'' relation 25 ͒ implies that the original reduced bond energy tanh K*ϭexp͑Ϫ2K ͒, ͑3͒ with the triangular lattice being dual to the honeycomb one, and vice versa.
The two-spin correlation function is known exactly for a triangular lattice. 26 With this, the honeycomb interfacial tension can be evaluated, and the Wulff construction realized in a parametric form. 12 In polar coordinates (r,) the result can be expressed implicitly as
Remarkably, if one evaluates the area W(T) enclosed by the curves r() in Eq. ͑4͒ three important physical characteristics-the polar radius R() of an equilibrium surface of a crystal with volume V, the interfacial tensions in extremal directions, and the total interfacial energy-can be evaluated. The equilibrium surface is given by R͑ ͒ϭr͑ ͒ͱV/W, i.e., just the scaled solution of Eq. ͑4͒. This solution has the dimension of , and for l ϭl/6,lϭ0,1, . . . ,11 the interfacial tension in the direction normal to the surface is indeed given by r( l ). The total interfacial free energy of a crystal, G, is proportional to ͱVW, with a dimension-dependent proportionality constant. 10 For the two-dimensional case considered, one obtains Gϭ2(VW) 1/2 . As mentioned, the main goal of this paper is twofold. First we wish to adjust Eq. ͑4͒ for the case of a triangular lattice ͑which will lead to a different value of A), and to calculate the resulting interfacial energy of an equilibrium crystal. This will also determine the nucleus in a metastable case. Second, we intend to obtain asymptotic approximations for a Wulff shape in the limits T→0 and T→T c , which are valid for both triangular and honeycomb lattices. Understanding asymptotic limits will allow us to construct accurate interpolating approximations at intermediate temperatures.
Naively, one could think that once the interfacial tension is available for one type of hexagonal lattice, the tension for the other type is obvious from the duality relations. However, duality links the subcritical region of one lattice, where the interface exists, to the overcritical region of the other with no phase separation. Thus a preliminary transformation ͑the so-called ⌬ϪY transformation 27 ͒ which links two subcritical lattices is required-see Sec. IV. First, however, we will introduce a few relations which are applicable for both lattices.
III. SOME GENERAL EXPRESSIONS
Using duality relation ͑3͒, one can express A(K) as
The value of K here can be either the reduced bond energy of the original honeycomb lattice, as in Eq. ͑2͒, or it can correspond to bond energies of another lattice obtained by decorating a triangular lattice-see next Sec. IV. In both cases the expressions for in the two principal directions are given by
For T→T c the asymptote of A(K) is given by
The values of 1 and 2 rapidly converge to each other and to the value of
This goes to zero as T c ϪT, with the slope specified for each type of lattice by the temperature dependence of K.
One can also construct a more accurate ͑though somewhat less elementary͒ approximation for the interfacial tension using the fact that anisotropy appears only in higher-order terms in T c ϪT. If r is isotropic in Eq. ͑4͒, this equation can be averaged with respect to , giving I 0 ͓r/T͔ϭA/3, with I 0 being the modified Bessel function. Since an isotropic r coincides with , the latter is given by
In contrast to Eq. ͑10͒, where the error is quadratic in T c ϪT, the above expression is accurate up to (T c ϪT) 5 , at which point the anisotropic terms become important, as will be described in Sec. V A.
IV. ⌬ÀY TRANSFORMATION FOR A TRIANGULAR LATTICE
Consider a triangular lattice with a reduced bond energy
LϭJ/T. ͑12͒
A convenient parameter is
with criticality achieved at
͓note that this value is linked to the value of K c ϭarctanh(1/ͱ3) by the duality relation͔. ''Decoration'' of a triangular lattice consists of placing an additional spin in the center of each triangle ͑''⌬''͒, and connecting it with the surrounding three spins with new bonds K, giving ''Y '' patterns which form a honeycomb lattice. 25 
This relation should be used for A in Eq. ͑4͒ in order to describe the triangular lattice. The expanded path to the result ͑of which the present work is only a small part͒ can be summarized as follows: One starts with a low-temperature ͑subcritical͒ triangular lattice with bonds L; the ⌬ϪY transformation gives a low-temperature honeycomb lattice with bonds K; the duality relation links this lattice to a hightemperature triangular lattice with bonds K*. Finally, the known correlation function for the latter lattice allows one to evaluate the anisotropic interfacial tension and to realize the Wulff construction.
V. WULFF SHAPES AND ENERGIES
The scaled Wulff shapes r()/J obtained from Eqs. ͑4͒ and ͑16͒ at various temperatures are shown in Fig. 1 . At T ϭ0 the shape is a perfect hexagon which rather quickly changes to an almost ideal circle upon the increase of temperature; analytical and numerical reasons for the rapid disappearance of anisotropy will become apparent shortly.
Due to symmetry, the area can be calculated as
To characterize W we will introduce an ''effective'' tension e f f ϭͱW/, ͑18͒ which coincides with the actual interfacial tension in the isotropic high-temperature region. Otherwise, e f f corresponds to an equivalent surface tension of a circular droplet with area and energy identical to those of an anisotropic crystal. The values of e f f are shown in Fig. 2 by solid lines together with anisotropic interfacial tensions given by Eqs. ͑7͒ and ͑8͒, which bracket e f f . Anisotropy which is due to the difference between 1 and 2 , indeed vanishes quickly near T c , and we examine this in more detail below.
A. Limit T\T c
As T becomes close to At lower temperatures we define a dimensionless ''radius'' ͑,T ͒ϵr/T, ͑21͒
determining the leading isotropic term near T c . Expanding the left-hand side of Eq. ͑4͒ to the sixth power in c ͑the first term where the anisotropy appears͒, and solving the resulting equation iteratively, one obtains
Here, strictly speaking, an exact value of c in Eq. ͑22͒ rather than its asymptote should be used to ensure the accuracy of higher-order terms in the isotropic part. An exceptionally minor anisotropy, even for c , of the order of unity should be noted. In principle, Eq. ͑23͒ can be used for evaluating S shapes at intermediate temperatures ͑i.e., not only in the strict asymptotic limit͒, although a less rigorous but practically more convenient ͑and accurate͒ approximation will be constructed in Sec. V C.
B. Limit T\0
Let us introduce an auxiliary function m͑ ͒ϭmax͕͉sin ͉,͉sin͑ϩ/3͉͒,͉sin͑Ϫ/3͉͖͒, ͑24͒ so that r 0 ͑ ͒ϭ4J/m͑͒ ͑25͒ describes the zero-temperature hexagon in Fig. 1 with an area
When considering the case of TϾ0, care should be taken since r 0 () is nonanalytic. The major modification comes from the disappearance of sharp corners-see Fig. 1 -and in this section we will use the ideas of singular perturbations in order to evaluate the corresponding reduction in the area.
We look for a correction
From Eq. ͑4͒ and the low-temperature asymptote of A(L), one has ␦͑͒ϭϪln͑1ϩe Ϫ8͉͉L/ͱ3 ͒, ͉͉Ӷ1. ͑27͒
Despite the restrictions on , this expression is sufficient to evaluate the corrections to the area. Indeed, the main contribution to the integral in Eq. ͑17͒ comes from the region ϭO(1/L), which is well within the region of applicability of Eq. ͑27͒. Switching to a ''stretched variable'' 8L/ͱ3, and using the identity
Ϫz ͒ϭ 2 /12, one obtains
͑28͒
Despite the exponential closeness of r() to r 0 () in almost any direction, corrections to W 0 are quadratic in temperature, reflecting the ''chop off'' of sharp corners in Fig. 1 . ͓In this context, note that corrections to (n ជ ) in principal directions are, respectively, linear or exponentially small in T, with the resulting modification of the overall interfacial energy of a crystal having an intermediate quadratic dependence.͔ A similar quadratic correction, with a different proportionality constant derived numerically, was also observed for a square lattice, 18 where an explicit integral expression of W(T) through elliptic functions is available. 10 In the present study the constant in Eq. ͑28͒ could be evaluated analytically, confirming, in a sense, the advantage of implicit parametric representations.
C. Intermediate temperatures
In the high-temperature region we introduce the approximation
͑29͒
with the anisotropic part suggested by the expansion near T c . This expression is exact in the directions of extrema, ϭl/6,lϭ0,1, . . . ,11, at any temperature. Otherwise, it correctly describes the location of the S surface for temperatures as cold as 0.2T c -see Fig. 1 . On the ''experimental'' level of accuracy the agreement is reasonable even at 0.1T c ; however, the low-temperature approximation, which will be described below, is more adequate and more accurate here. In approximation ͑29͒ the anisotropic term does not contribute to the area, and e f f is given by
with a relative error less than 10 Ϫ3 . The error rapidly decreases with the increase of temperature, as suggested by Fig. 2 . At 0.5T c , for example, Eq. ͑30͒ deviates from the exact value of e f f Ӎ2.91280J by less than one part in 10 6 . The Bessel-function approximation ͓Eq. ͑11͔͒ can also be used for an evaluation of e f f ; however, Eq. ͑30͒ is slightly more accurate, and being an elementary function looks more attractive for applications.
At lower temperatures we construct an interpolating ap-
with 2AϷexp͑4L ͒. ͑32͒
Equation ͑31͒ coincides with Eq. ͑27͒ in the appropriate limits, but has no restrictions in . It can be used when plotting the low-temperature Wulff shapes for a triangular lattice ͑see Fig. 1͒ . The approximation is very accurate up to 0.2T c . Remarkably, even at 0.3T c one still obtain a reasonable, near circular shape ͑with minor dimples, the birthmarks of zero-temperature corners͒, although Eq. ͑29͒ works better here, completely blending in with the exact result in the scale of the figure.
The low-temperature expression for e f f follows from Eq. ͑28͒,
and is shown by dash-dotted lines in Fig. 2 . The error in the region TϽ0.2T c also does not exceed 10 Ϫ3 , and the equation becomes exact for T→0. Thus the two proposed approximations, ͓Eqs. ͑30͒ and ͑33͔͒ cover the entire region of temperatures from zero to T c .
VI. RELATION TO THE NUCLEATION PROBLEM
Consider a small positive field h and spins originally pointing in the ''wrong'' direction. The free-energy change associated with formation of a large domain of properly oriented spins with volume ͑area͒ V is given by
Ϫ2hJV. ͑34͒
Here (T) is the equilibrium density of up-spins in a triangular lattice,
͑T ͒, and (T) is the equilibrium magnetization 29 ͑the values of , however, are extremely close to unity anywhere away from T c ).
With the effective interfacial tension e f f defined above, the critical volume is given by
This locates the maximum of ⌬G(V), and the corresponding value
determines the barrier to nucleation, as discussed by Gibbs. Evaluation of the nucleation rate requires a specification of the spin-flip dynamics, which is not part of the present work. However, on this stage certain conclusions on applicability of some standard nucleation approaches can already be made, and this will be briefly discussed in Sec. VII.
VII. DISCUSSION
In the present work exact equilibrium Wulff shapes were constructed for a triangular Ising lattice. The shapes bear strong qualitative similarities to the case of a honeycomb lattice, 12 changing from a perfect hexagon at Tϭ0 to a perfect circle near T c . Quantitatively, however, the temperature dependence is different for each of these lattices.
Asymptotic analysis of exact expressions was performed near Tϭ0 and TϭT c , and accurate elementary approximations were constructed for the entire temperature region. This part of the study can be potentially useful for applications.
For example, experimental studies of islands on a Cu͑111͒ surface 5 fall into the low-temperature asymptotic region. There does not yet exist a uniform opinion on the values of J for this system, but if one accepts JϷ0.16 eV-one of the values used in the above paperone obtains T c Ϸ0.58 eV. This is between 18 and 22 times larger than experimental temperatures used in Ref. 5 . Even with uncertainties in J, there is little doubt that the ratio of T/T c is small, and the observed islands 5 are indeed close to hexagons.
From Eqs. ͑25͒, ͑26͒, and ͑31͒ ͑also see Fig. 1͒ it follows that the only observable effect at small TϾ0 could be the erosion of sharp corners of the hexagon, again in qualitative agreement with observations in Ref. 5 . Otherwise, the faces of a two-dimensional crystal remain practically flat or, more rigorously, exponentially close to flat. Correction to the interfacial energy is quadratic in temperature, and for such low T the asymptotic expression ͓Eq. 33͔͒ is expected to be very accurate. This can be helpful for further interpretation of experimental data.
The potential importance of discreteness effects ͑''finitesize'' effects 6 ͒ at low temperatures should be noted, however. Applicability of the aforementioned correction requires a large number of atoms lost from corners, which could be a nontrivial requirement even if n-the number of atoms in a two-dimensional crystal-is very large. One estimates the loss from each corner as 0.5n(T/T c ) 2 ; this falls in the interval between 4 and 14 atoms for 4000ϽnϽ9000 reported in Ref. 5 . Discreteness effects for such small numbers are possible, and the quadratic ͑in temperature͒ correction to interfacial energy, which is valid strictly for n→ϱ, should be treated with care.
If the islands are so small that discreteness changes the zero-temperature energy itself, ''clusters'' rather than Wulffshaped droplets should be considered. For a square Ising lattice this was recognized by Neves and Schonmann, 13 and the role of such clusters in low-temperature nucleation received further attention in Refs. 30 and 17. There are no equivalent studies for hexagonal lattices. The obtained high-temperature approximations for the Wullf shapes and energies can be relevant to the analysis of large-scale simulations of nucleation and growth of islands in Ising systems. Higher temperature is usually selected in such simulations in order to ensure detectable nucleation rates. The nucleus here is a practically circular droplet, with the interfacial tension accurately given by an elementary equation ͑30͒ ͓or by Eq. ͑11͔͒; input of the small anisotropy to the shape of a crystal can be estimated from Eq. ͑29͒ or ͑23͒.
Results obtained in Sec. VI for the free energy of formation of a nucleus can be used to specify parameters in several mainstream nucleation theories, after which they can be tested against simulation data. For example, one can now estimate the nucleation rate or cluster distributions in the classical nucleation theory [19] [20] [21] when applied to a triangular lattice. Those estimations can be compared with data of Ref.
18 ͑simulations at TӍ0.82T c ), and the comparison allows one to rule out the classical theory at this temperature since it predicts unrealistically small slopes for both the fielddependent nucleation rate and the size-dependent distributions. This could be an important conclusion, even if negative, due to an extraordinary status of that theory in understanding the nucleation phenomena. More recent approaches [31] [32] [33] [34] seem to work more accurately here, similarly to the better studied case of a square lattice, 15, 16 but more simulation data are required for any definite conclusions. From the analysis for the triangular case, switching from low-to high-temperature approximations ͑with errors in energies less then 10 Ϫ3 ) should be done around Aϭ120. This corresponds to 0.24T c in the honeycomb case, compared to 0.2T c in the case of a triangular lattice.
APPENDIX: HONEYCOMB LATTICE

